Abstract-When mobility, the number of independent variables to describe system motion exactly, is greater than the degree-of-freedom of task space, the system is called a kinematically redundant system. On the other hand, redundant actuation indicates a situation when there are more actuators than a system's mobility. Redundant actuation yields many advantages. First, actuation redundancy can increase the force, velocity and acceleration of an end-effector. Second, if some actuators are out of order, the system can still work well. This fault-tolerant capability is useful for remote control robots in space or nuclear plants. Impulsive force can decrease when modulating arbitrary stiffness without feedback control. The performance of a system can be improved by optimizing redundancy. However, there are some issues of economic ef ciency and minimization of a system, because redundant actuation may involve more actuators than non-redundant actuation. In addition, there are in nite torque sets of motors for the same task. We used a weighted pseudoinverse matrix for torque distribution. To reduce the maximum torque, we suggested the use of the minimum norm torque as the weighting values. This method allows for smaller motor capacity, and can contribute to economic ef ciency and minimization of a system.
INTRODUCTION
Redundant actuation indicates a situation when there are more actuators than a system's mobility. For example, the human arm and leg have more muscles than required for motion generation, and as such can be regarded as redundant systems. Redundant systems can be used on robot arms, mobile robots and cooperating robots. These systems have some characteristics that cannot be found in usual robot systems, i.e. non-redundant systems.
A redundant actuated system has many strengths, such as better performance than a non-redundant system [1] , avoiding singularity [2] , reducing impact force using active stiffness control [3] and fault tolerance [4] .
Kinematically redundant systems have been studied widely in terms of avoiding obstacles, avoiding singularities and performance improvement, but redundant actuated systems have received relatively little research attention. Lee [1] and Kim [5] compared performance of redundant actuation with non-redundant systems and demonstrated performance improvement. Lee et al. [1] , Supaero [6] and Lee et al. [7] maximized this performance through kinematic / dynamic optimization.
It is very important to select a torque distribution method that is suitable for both the objectives of a robot and its environment because the number of actuators is greater than the system's mobility. Many objectives of torque distribution have been investigated. Beiner [8] suggested minimizing joint torque using a non-linear optimization algorithm with a constraint equation. Kumar and Gardner [2] researched avoidance of singularities, Nahon and Angeles [9] , Cheng and Orin [10] proposed and compared some torque distribution methods according to their objectives, and Zheng and Luh [11] minimized force of the end-effector. Ting and Freeman [4] studied torque redistribution in motor problems. Lenarcic [12] , Park et al. [13] and Oh et al. [14] researched a torque distribution method using a weighted pseudoinverse matrix. They performed a kinematic / dynamic decomposition of a kinematically redundant manipulator and undertook a performance test selecting the inertia matrix as the weighting matrix.
In this paper, using a weighted pseudoinverse matrix for torque distribution, we applied this weighting decomposition to a ve-bar link system and analyzed the in uence of the weighting variables. We also suggested a new weighting technique to reduce maximum torque and experimentally veri ed the advantages of this method.
MODELING

The closed-loop system
In the serial manipulator, the Jacobian matrix generally represents the relation between the velocity vector of the end-effector position, P u 2 R M , and the velocity vector of the joint variables, P Á 2 R N , as follows:
where:
The closed chain system has the active independent joint, P Á a 2 R N a , and the dependent joint, P Á p 2 R N p . The number of the active joints indicates the minimum number of the joints which can represent the system motion exactly and it is the same number as the system's mobility. The active joint set is not unique in the closed chain system and the constraint equation of the closed loop is expressed as:
Differentiating (2) yields:
Solving (3) for Á p yields:
Here, [G p a ] 2 R N p £N a is the Jacobian matrix of the passive joint with respect to the active joint. Therefore, the Jacobian matrix [G Á a ] of the total joints with respect to the active joint is expressed as:
Substituting (5) into (1) yields:
The redundant actuated system
When the closed loop system is redundantly actuated, the Jacobian matrix of the actuated joint, P Á A 2 R N A , with respect to the position of the end-effector is expressed as:
Here, [G Applying the principle of virtual work:
Here, T A is an actuator torque vector and T u is a force and torque vector of the end-effector. Therefore, the relation between the force of the end-effector and each actuator torque is expressed as:
In this equation, T u is uniquely determined by known T A , but T A has in nite solutions by the known
T is not a square matrix. The general solution of T A is as follows:
Here, [E] is the identity matrix and k is an arbitrary vector.
TORQUE DISTRIBUTION USING THE WEIGHTED PSEUDOINVERSE MATRIX
In a non-redundant system, the actuator torque is uniquely determined by the position and task of the end-effector. In contrast, in a redundant actuation system, the actuator torque does not have one solution, but rather there are in nite torque sets even though a robot works on the same task because the number of actuators is greater than the system's mobility. Therefore, in redundant actuation, it is very important to select a torque distribution method that is suitable for the objectives of the robot and for its environment. There are many objectives of torque distribution, including the following: minimizing actuator torque, minimizing force of the endeffector, error control for the gravitation and other disturbances, torque balance, minimizing the changing rate of torque, etc. In this section, a torque distribution method using the weighted pseudoinverse, which reduces the maximum torque by improving torque balance, is investigated.
Weighted pseudoinverse matrix
To control the torque of each actuator freely, the weighting matrix is proposed as:
From (10) and (11), the general solution is expressed as:
To redistribute the actuator torque adjusting the weighting values, excluding the part of the null space solution in (12) , the general solution can be written as:
Here, the weighted pseudoinverse matrix
0 / C is applied to the vebar link mechanism of Fig. 1 .
In this system, [G A u ] T is not a square matrix, but rather a 2 £ 4 matrix because the mobility of the end-effector is 2 and the number of actuators is 4. Therefore, the actuator torque can be represented by a weighted pseudoinverse matrix. Letting
T and the weighting matrix Q 0 be as follows: 
The weighted pseudoinverse matrix is a 4 £ 2 matrix and its components are expressed as:
i Comparing the weighted pseudoinverse (16) with the pseudoinverse (17), the mutual relation is represented as:
s D 1; 2; 3; 4; t D 1; 2; i D 1; 2; j D 1; 2; 3; 4:
Analysis of these equations and the selection of the weighting values are discussed in the following section.
Analysis and selection of the weighting values
It is too dif cult to solve (16) for the weighting values analytically, because each weighting value cannot be determined independently and four values are highly coupled. Solving an optimization problem with the objective function and the constraint equations is an apparent option to determine the actuator torque. However, with on-line control, it is not appropriate either, because it needs a large amount of computation for each sampling time. Therefore, it is necessary to nd how each actuator torque changes according to the variation of each weighting value.
Consequently, change of each actuator torque is examined when four weighting values increase in the ve-bar link mechanism of Fig. 1 .
The rectangular coordinates on which the position of motor 1 is xed to origin (0, 0) are de ned as given in Fig. 2 . Figure 3 shows the relationship between each torque and each weighting value when the end-effector is on (0.1, 0.3) (m) and the force of the end-effector is (1, 2) (N).
Analyzing these T A -q graphs for many conditions of the end-effector including those of the above case, the torque of motor 1, T A1 , gradually decreases with an increase of the weighting value q 1 and converges to zero for large q 1 . Similarly, each torque T A2 ; T A3 ; T A4 also decreases with increases of each weighting value q 2 ; q 3 ; q 4 . On the contrary, the remaining values of the motor torque, T A2 ; T A3 ; T A4 , generally increase with an increase of the weighting value q 1 and the other cases have the same tendency for each weighting value q 2 ; q 3 ; q 4 .
According to the posture of the ve-bar link system, the actuator torque may not be sensitive and this relation is not always correct. However, in most cases, the torque of the actuator that corresponds to each weighting variable decreases and converges to zero, and the others gradually increase and converge to certain values with an increase of the weighting value.
As mentioned above, there are many torque distribution methods in redundant actuation and thus many torque sets can be used according to the objectives of a robot. Minimizing the norm of the torque vector is generally used in redundant actuation. However, it is necessary to redistribute large torques to small torques because some motors may have overly large torque and others may have small torque. To reduce the maximum torque and to improve torque balance, a new distribution method, wherein the selecting minimum torque norm is selected as the weighting value, is proposed. Here, the minimum torque norm is calculated by minimizing the norm of the torque vector on each sampling time. Analyzing the effect of the weighting values, this weighting method seems to allow for smaller motor capacity, and contributes to economic ef ciency and minimization of the system.
Simulation
A new weighting method which can reduce the maximum torque was proposed by analyzing the effect of the weighting values. In this section, some simulation results show how much the maximum torque reduces when using the proposed weighting method.
The difference between the minimum norm torque and weighting torque is shown in Fig. 4 when the end-effector makes a circular motion, as in Fig. 5 , and the force of the end-effector is (a) (2, 0) (N) and (b) (1, ¡1) (N) . Simulation results for horizontal motion and vertical motion containing this circular motion are analyzed and the results are shown in Table 1 .
If the minimum norm torque is selected as the weighting value and the weighting torque is used to control a manipulator, the maximum torque out of all motors falls by about 15-20% compared to use of the minimum norm torque itself. This weighting method redistributes large torques to small torques and improves the torque balance.
However, the reduction ratio of the maximum torque is not guaranteed for all cases and it changes on a case by case basis. In other words, when the task of a system is determined and thus the force of the end-effector is given, the simulation results using this weighting method show how much the maximum torque reduces. In the system design procedure, the proposed method allows for smaller motor capacity by the calculated rate. In the following section, this weighting method is applied to the real system presented in Fig. 1 and the simulation results are demonstrated. Figure 6 shows the ve-bar link system using in this experiment. This system is composed of four parts: the rst is a ve-bar link mechanism actuated by the servo motors and the motor drives, the second is composed of the servo motors and a motor drive system, the third is a personal computer for the control program, and the last is an interface component managing input from encoders and output to drive. Figure 7 is a picture of the assembled ve-bar link system. This ve-bar link is made with aluminum and steel, and the length of each link is optimized. The shape of the end-effector is a disk which can revolve to minimize friction on contact with its surroundings. The kinematic parameters of each link are as given in Table 2 ; the length is designed and mass is measured. Motor 1 and motor 4 located on the base actuate link 1 and link 4 separately. Motors 2 and 3 actuate links 2 and 3. The speci cations of the servo motor are outlined in Table 3 .
EXPERIMENT
Experimental set-up
Experiment results and discussion
The maximum torque was examined for the horizontal motion, vertical motion and circular motion of end-effector. PD control, in which P gain is 800 and D gain is 50, was used. During the above trajectory tracking control, the motor torque was about 0.0-0.15 N m. It is important to nd the maximum torque to determine the difference between the minimum norm torque and weighting torque. The experimental results for the maximum torque are shown in Table 4 .
It is also important to examine how much the total torque changes compared to using the minimum norm torque method by applying the weighting method. The results for the total energy spent are shown in Table 5 . If the minimum norm torque is selected as the weighting values and the weighting torque is used to control a manipulator, the maximum torque out of all motors falls by about 15-25%, while the total energy spent increases by about 10-15% compared to using the minimum norm torque itself. Although this weighting method increases the total energy spent to some degree, it redistributes large torques to small torques and improves the torque balance. Therefore, by using this weighting method to control a redundant system, the motors which have a smaller capacity by about 15-25% can be used. In short, this weighting method can decrease motor capacity, and contribute to the economic ef ciency and minimization of a system.
CONCLUSION
Redundant actuated systems are useful for remote control robots in space or in nuclear plants, and in robust robots for impacts or disturbances. In a redundant actuated system, torque distribution is very important because there are more actuators than the system's mobility and hence in nite torque sets are available. There are many torque distribution methods; however, in this paper, the torque of each actuator is determined using a weighted pseudoinverse matrix. The weighting matrix was suggested to determine the desired torque set from the in nite torque sets. Applying this weighting method to a ve-bar link system and analyzing the mathematical equations and in uence of the weighting variables, we found the relationship between the actuator input and the weighting value. A new distribution method, in which the minimum torque norm is selected as the weighting value, is proposed. This method can redistribute large torques to small torques and improve the torque balance, and thus can reduce the maximum torque. Consequently, this weighting method allows for smaller motor capacity, and contributes to economic ef ciency and system minimization.
